The simulation of on-chip inductance using EEC-based circuit analysis methods often requires the solution of a subproblem where an extracted inductance matrix must be multiplied by a current vector, an operation with a high computational cost. This paper presents a highly accurate technique, based on a precorrected-FFT approach, that speeds up this calculation. Instead of wmputing the inductance matrix explicitly, the method exploits the properties of the inductance calculation procedure while implicitly considering the effects of all of the inductors in the layout. An optimized implementation of the method has been applied to accurately simulate large industrial circuits with up to 121,oM) inductors and nearly 7 billion mutual inductive couplings in about 20 minutes. Techniques for trading off the CPU time with the accuracy using different approximation orders a d grid constructions are also illustrated. Comparisons with a block diagonal sparsification method in terms of accuracy, memory and speed demonstrate that our method is an excellent approach for simulating on-chip inductance in a large circuit.
Introduction
The fast and accurate simulation of on-chip inductance is a growing problem as technologies shrink further and low-k dielecmcs are used to diminish capacitive effects. Inductive effects are important in determining power supply integrity and timindnoise analysis, especially for global clock networks, signal buses and supply grids for high-performance microprocessors.
One of the major problems in determining inductance has been associated with the fact that wire inductances are defined over current Imps, and that the current loops are dependent on the circuit wniext of the switching wires. The partial element equivalent circuit (PEEC) model [I] has been developed to solve this chicken-and-egg problem and does not require the Current return pails to be predetermined. The PEEC approach introduces the concept of partial inductance of a wire or a wire segment, corresponding to a return path at infinity. The partial selfinductance is defined as the inductance of a wire segment that is in its own mgnetic field, while the partial mutual inductance is defined between two wire segments, each of which is in the magnetic field produced by the current through the other. For two wire segments k and rn, the partial mutual inductance is given by:
where li and ai (i=k or m) are the length and cross section area of wire segment i. rtm is the distance between any two points on segment k and rn. A,, is the magnetic vector potential along segment k due to the current I , m segment rn, given by:
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Here, simplified closed-form formulae for partial self-and mutual inductances of typical wire topologies that appear in integrated circuit environments are available in [2] .
One drawback of using the PEEC nethod directly is that it results in a dense inductance matrix that causes a high computational overhead for a simulator. Although many entries in this matrix are small and have negligible effects, zeroing them out may cause the resulting inductance matrix to l o x its desirable positive definiteness property 131, which is a necessary condition for the matrix to represent a physically realizable inductor system. Several efforts have been made to sparsify the inductance matiix while maintaining this property, such as the shift-andtruncate method [3,41, return-limited inductances [5], block diagonal method [61 and K matrix [7, 8] .
The sbmcomings common to all of these methods are twofold. First, all these methods localize the magnetic field by a window size outside which couplings may be ignored. The principal problem is that it is difficult to definitively demarcate a region such that an aggressor wire segment outside this local interaction region is t w weak to bave'a significant effect on a victim wire segment within it. Second, although the individual couplings that are ignored may be small, it is difficult to determine the cumulative effect of ignoring a larger set of such couplings without any knowledge of the current distributions.
FastHenry [9] is a multipole-accelerated method for inductance extraction. However. it works in frequency domain and ignores the effects of capacitance on the estimation of current return path. In order to obtain the time domain simulation, an accurate compact model has to be constructed, which is not an easy procedure.
In this paper, we propose a precorrected-Fm method that.
instead of entirely dropping long-range couplings, approximates them, thereby overcoming the two shortcomings existing in the sparsification of inducmce matrices. The main idea of this method is to represent the long-range p m of the vector potential by point currents on a uniform grid and nearby interactions by direct calculations. The grid representation permits the use of the discrete Fast Fourier Transform (FIT) for fast potential calculations. Because of the decoupling of the short and longrange pans of the potentials, this algorithm can be applied to problems with irregular discretizations.
The basic precorrected-FFT method presented in this paper is inspired by the method in [IO] for capacitance extraction, which also demonstrates that for many realistic structures, the precorrected-FlT method is faster and uses less memory compared with the multipole-accelerated method. In our work, the precorrected-FIT method is modified to be applied in a different context that is specific to the requirements of simulation of on-chip inductance, so that this work is by no means a mere incremental improvement. Unlike [IO] , we do not focus on extracting an inductance matrix M, but rather, directly consider how the inductance matrix is used in fast simulation algorithms.
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Several considerations are incorporaled to make the algorithm efficient and applicable to large industrial circuits and complicated layouts. First. since mutually perpendicular segments do not have any inductive interactions. it is possible to apply the preconected-FIT method to wire segments in the two perpendicular directions separately. This simplification is applicable to inductance systems and not to capacitance system. Second, different from the derivation of 2D integration in the capacitance extraction, the application of the precorrected-FFT in inductance problem involves acomplicated derivation of 3D integration. Significant effon has to be made to obtain the exact and compact closed form formulae for accurate and efficient simulations. Third, since IC chips typically have much larger sizes in the two planar dimensions than in the third (i.e., they tend to be "flat"), we show that a two-dimensional grid may be used instead of a three-dimensional grid.
A comprehensive PEEC model, as described in If the dense inductance matrix M is used, the conipulational cost for the matrix-vector product is very high for a system with n variables, this is O(n'). The larger the circuit, the larger may be the number of moments and pons, and the heavier is the overhead of calculating this matrix-vector product. Therefore, methods for sparsifying the M matrix have been widely understod as being vital to solving systems with inductances in an efficient manner.
On closer examination, we observe that in order to solve the circuit, it is not M that needs to be calculated, but the product of M with a given cumnt vector I. This motivates our wctrk, and we present a method to efficiently find the product of M with a given current vector, using the precorrected-FFT approach to accelerate the computation. In this work, we use PRIMA as the simulation engine to test the results of the algorithm. This algorithm can also be incorporated in time domain simulators.
Precorrectecbm method
The detailed explanation of the precorrected-FIT method can be found in [IO] for capacitance atraction. Here, we present a simple description of this method in the magnetic field environment. The pIeCOrrected-FFT method is based on dividing the region under analysis into a grid. In the description of the algorithm, we will begin by using a three-dimensional grid, although we will show in the next section that in prktice, a twodimensional grid can also work well in an integrated circuit environment.
Consider the three-dimensional topology of :wires that represents the circuit under consideration. After the wires have been cut into wire segments to be represented using the PEEC model, the circuit can be subdivided into a kx txm array of cells, each coniaining a set of wire segments. The contribution to the values of (-1-12.. .di,do,) of wire segments within . cell under consideration (the "victim cell") that is caused by wires in other cells (the "aggressor cells") can be classifiecl into two categories: longrange interactions and short-range interactions. The central idea of the precomted-FFT approach is to represent the current distribution in wire segments in the aggressor cell by using a small number of weighted point currents on Ihe grid that can accurately approximate the vector potential fix faraway victim cells. After this, the potential at grid points caused by the grid c m n t s is found by a discrete convolution that can be easily performed using the FFT.
There are four steps in the precomected-FFT approach to calculate Mxl:
1. Projection: The first step in the precorrected-FFT algorithm is to consttuct the grid projection operator W. Using W, the long range part of the magnetic vector potential due to the current distribution in a given cell can be represented by a srnall number of currents lying on grid points throughout the volume of the cell. Thus, the real curreut distribution can be replaced by a set of grid point currents:
where Is and I, are the grid current vector and real current vector, respectively. The boundary condition that is maintained during a,
I , = WI, (4)
projection is that the vector potentials at a set of test points on a sphere surrounding the cell should match the vector potentials due to the actual wires.
Since the grid currents are a representation of the real current distribution, the grid can be coarser or finer than the actual problem discretization. 2. F l W Once the real current. are projected to the grid, the grid potentials due to the grid currents are computed through a multi-dimensional convolution, given by:
where A, is the grid potential and H i s the contribution to the grid potential induced by unit point currents at grid points. This convolutiou can be calculated very fast by a multi-dimensional F' FT computation, which proceeds by automatically considering all pairs of aggressor-victim combinations within the grid. Combining the above steps, the induced voltages are:
where Wand & are both sparse matrices, and H can also be consmcted as a sparse matrix for an efficient implementation of EFT.
Since VLSI chips are thin and flat, we choose to use threedimensional grid hut with only one cell in the 2 (thickness)
direction. There are three parameters that need to be determined before the precorrected-FFI algorithm is applied to a circuit: p, q and d. Here, parameter p is the number of grid points on each edge of a cell, while parameter q is the number of nearby cells which are considered in the precorrection step. The first n e m t neighbors to each cell are defined as all cells that have a vertex in common with the considered cell. including the cell itself.
Parameter d is the cell size, defined a the length of an edge of a cell in the P and 9 directions, which we will take to he equal. If n is the number of wire segments in the circuit, the computational complexity of the entire precorrected-FFC procedure is O(n log n) 1101. If p and g are fixed, there is an optimal cell size that yields the minimum value of cost. In this sense, the method for choosing the cell size is somewhat easier and more reliable than the methods used in [41[61 to find the local interaction region, because in the preconected-FFT method, we only need to look for a minimum value of CPU or memory cost and a consideration of accuracy is relatively easier to define. 
Experimental results

Accuracy of the precorre&&m method
In these experiments, p is set to 4, and the nearest neighbors and the next nearest neighbors are included in the direct interaction region. The cell sizes in the x and y direction are each chosen to be 15pm. while in the thickness direction, it is set to 7pm, such that the test structure is at the center of the cell. The radius of the collocation sphere is chosen to be 2.5 times the cell size. A simulation for the same circuit is also c a n i d out with the block diagonal approximation. The partition size in the block diagonal approach is 1 8 0 p n x 1 5 0~, which is much larger than the direct interaction region of 75cUnx75pm. showing waveforms at both the driver and receiver sides of the middle wire. The accurate waveforms are obtained by using the full inductance matrix in PRIMA without any approximation. while the approximate waveforms using the precorrected-FFT or block diagonal method with the same PRlMA simulator. In all the experiments in Section 4.1 and 4.2, there are 13 pons and the number of moments per port in PRIMA implementation is 5 , as in (61, and it has been demonstrated that the response from the reduced order model converges here even if more mommts are used in the simulation.
There are six waveforms in Figure 2 , although only four are clearly visible since the waveforms from the precorrected-m almost completely overlap with those from the accurate simulation. The block diagonal waveforms at the near and far ends are marked (a) and (b), respectively. The largest e m r in the response from precorrected-FFT is less than ImV. With ahout lIXhnV oscillation magnitude induced by inductance, the relative error of the oscillation magnitude is 0.1 56. The relative error in the 50% delay for the response from precorrected-FFT is even smaller. Even though for a given victim line segment, more aggressor Line segments are considered in the direct interaction region in the block diagonal method than in precorrected-FIT. the error in the response from the former is still larger than that of the latter. The reason for this is that the accumulated errors in the hlock-diagonal approach caused by the dropped mutual inductance terms is significant. Because of the high accuracy that can be obtained by the precorrected-F" method for this example, we observe that we can sacrifice some of +e accuracy for higher speed. Different orders of approximation are tekted to study the relationlbetwien speed. memory requirements and accuracy. The layout tested is simil& to the above expirimeni but the length of the sibal WAS is extended to 5400pm. which is the largest tested wire length, so as to show the largest reduction in accuracy with the coarsening of the grid. Since there are more than 31,000 inductors in this circuit, including all of the inductors of signal wires and supply wires. nearly one billion mutual inductances are required for accurate simulation. It is therefore impossible to simulate for the accurate waveforms even in PRIMA, let alone in the time domain. and the use of an approach such as ours is essential. To simulate the response most accurately, p is set to 4, the ceU size is set to be 15pm. and the fmt, second and third nearest neighbors are considered in the precorrection step. The response obtained from.this setup can reasonably be considered as accurate.
Other precorrected-FFT simulations are carried out with lower accuracy and a coarser grid, where only the nearest neighbors are considered in the direct interaction region and the cell size is 30pm. which is double that in the above experiment.
The cell size and the size of the direct interaction region are fixed in these experiments. The grids are variously chosen to be threedimensional with p = 4, p = 3, p = 2, and two-dimensional with p = 4, p = 3, p = 2. The two-dimensional grid is in the plane that is parallel to the x-y plane and through the point that corresponds to the mid-point of the thickness ofthe test structure. There is only one grid point in the thickness direction. In the two-.dimensional case, the collocation sphere reduces to a collocation (circle in the x-y plane.
It is expected that reducing the problem to 2-D, using larger cell sizes and smaller values of p. and reducing the size of the direct interaction region will each contribute to some loss in accuracy, with an a faster computational speed and reduced memory requirements. The waveforms obtained at the driver and receiver sides of the middle wire with different levels of accuracy, corresponding to p = 2, 3 and 4 are very cllose and are not shown here. We find that the error in the 50% delay is insignificant for the three cases. but the relative error corresponding to the overshootlundershwt is discernible, and is listed in the last column of Table 1 . This table al,ro lists the memory requirements and speed for each level of approximation. The setup time is the most time-consuming step in the entire algorithm, and is further divided into two parts. The first part corresponds to the calculation of the inductance values needed for the constluction of the precorrection matrix. which is equal for each order of approximation, while the second relates to the time required for the calculation of the W, H and 6 matrices. For p = 3 under a 3-D grid, the error at the peak is less than 1 mV. The relative m o r in the oscillation magnitude at that p i n t is I%, while the speed is ncreased by 45% as compared with the accurate result. If p is further reduced to 2 under a 3-D grid, the error is 9mV but the speed is improved by an additional 16% compared to the p = 3 case. The 2-D grid representation withp = 2 results in the largest mor of a b u t lOmV and a similar relative error, but the speed is increased only by 6% as compared to its 3-D counterpart. The reason for this relatively low improvement is that in the case of p = 2, the precorrected-FFT is rather fast and the time consumed in the calculation of W, Hand 6 matrices is only a small part of the total setup time. so that even a large increase in the speed of calculation of W, Hand 6 niatrices will not yield a significant reduction of the total run time. Another reason is that the number of grid points per cell is only reduced by half here by going from the' three dimensions to two. On the bther hand, if we reduce'the 3 D grid to 2-D with'&-. the speed can be increased by 22% because the number of grid points per cell is reduced from 4'=64 to 42=16, and the time required for the calculation of W. Hand fi matrices plays a more imprtant role in the total setup time. In this case, the accuracy is still high even under a 2-D grid. The memory requirements show similar trends.
Comparison with the block diagonal method
In this section, the memory consumption and speed of these two methods are compared for structures of dfferent wire lengths, using a Matlab implementation. Performance results using an optimized C++ implementation are reported in Section 4.3. The lengths of the signal wires in different experiments are set to 9OQpm, 1800prn. 3600pm. 4500pm and 54Wpm. 'The block diagonal partition size is chosen to be 180pm xl50pm, and for the precorrected-FIT method, a 2-D grid is imposed with p=2, and the first nearest neighbors are considered for the precorrection step. The cell size is set to 3 0~. Figure 3 shows the waveforms computed by the two methods at the receiver end of the middle wire for wire lengths of 9Wpm and 540Hpm. The accuracy, memory requirements and speed for different wire lengths for the block diagonal and precorrected-FFT methods are listed in Table 2 . For the wire lengths of WOpm and l8OQpm, the results of the precorrected-FFT and block diagonal methods are similar to each other, and the block diagonal method is faster. However, as the wire length increases, the differences in the 50% delay and oscillation magnitude are larger. For example, the 50% delay calculated by the precorrected-FFT and block diagonal methods differ by about 5% for a wire length of 3600pm. The difference increases to 8% and 12.5% for lengths of 4500pm and 5400pm. respectively. For wire lengths that exceed 1800pm, the precomted-FFT and block diagonal methods perform their computations at approximately the same speed, hut the former has nearly half the memory requirements as the latter since the partition size for the block diagonal method is much larger than the direct interaction region in the precorrected-FFT, due to which the number of inductances per wire segment to be calculated by the former is much larger than that for the latter. As the circuit size increases, the setup time and memory are seen to increase at a fasta rate for the block diagonal method. Similar wends are seen for the differences in the oscillation magnitude as for 50% delay. The precorrected-FFT mkthod predicts a more reasonable Lend in the bvershoot mkgnitude for different wire lengths: the overshoot increases as the wire length is increased fmm 900pm to 1800pm. and then decreases gradually as the wires g o w longer and resistive effects take over. However, the trend predicted by the block diagonal method is different: the overshoot magnitude increases from 900pm to 1800pm long wires, and then decreases if the wire length increases from 1800pm to 4500pm. as in the case of the precorrected-FFT method. However, when the wire length increases from 4500pm to 5400pn1, the overshoot is not reduced but is increased in the block diagonal method. which is clearly inconsistent with expectations. The differences between the results from the two methods are larger for longer wires. Table 3 lists the overshoots and the run time of the responses at the receiver side of the 54COpm wire calculated by the precorrected-FFT and block diagonal methods, with different partition sizes of 30pm40pm. 180pmx150pm, 330pmx150pm, 33Op1&00pm, 330pnc600pm and 330pm900p. It is clear that the overshoots given by the block diagonal method do not converge as the block size is increased, and vary somewhat unpredictably. When the partition width increases from 180pm to 330pm, the 300mV bump disappears: the reason may be that more powerlground wires are included in each partition, and the inductance effect is greatly reduced. If the panition length is increased from 150pm to 300pm and then to 600pm and 900pm, with a 330pm partition width, the overshoot increases and nears the result from the precorrected-FFT method. It is impractical to increase the partition size further because the simulation time for 330pmx600pm partition is 6hs, and includes 26.6M mutual inductances, while the simulation time for 330puBOOpm partition is Ithrs. and uses up about 3Gb memory. On the other hand, the precorrectd-FFT method requires less than one hour and only 1 lOMB memory. We also test the same circuit with a higher level of accuracy in the precorrected-FFT method with the fifth nearest cells included in the precorrection step and the overshoot is only 2mV different. The trends in the overshoots and run time from the two methods indicate that the precorrected-FFT converges easily, and therefore is a better candidate for fast simulation of large inductive circuits for higher accuracy.
The -problem faced here by the block-diagonal method is common to most of the existing algorithms in on-chip inductance extraction. As the circuit size is increased, the local interaction region should be larger to maintain the same accuracy in the simulation. However, it is hard to predict this interaction region a priori and for large circuits, increasing the interaction region gradually is impractical as it could result in very long simulation times. The precorrected-FFT method, on the other hand, overcomes this difficulty by including the calculation of far away inductance interactions using the grid representation. 
Application of precorrected-FlT with optimized implementation on signal lines and a large clock net
In addition to a Matlab-based implementation of the precorrected-FFT method, an optimized version using C++ was also implemented. To demonstrate the efficiency of the precorrected-FFT method, layout structures with different length of signal wires, a depicted in Section 4.2, and a large global clock net of an industrial giga-hem microprocessor are simulated using this optimized implementation of the precorrected-FFT method.
For layout structures with different length of signal wires, the number of resistances, capacitances and inductors in circuits and the total CPU times of the simulations in the precorrected-FFT method are listed in Table 4 . A three-dimensional grid is imposed with p-3, and the frst nearest neighbors are considered for the precorrection step. The cell size is set to 30pm. The simulations in the precomected.FR method can be very fast. For the circuit, with 5400pm signal wire, which includes 32.3K resistances, @.5K capacitances and 32.3K inductors, the total CPU time is about 6 mins.
The layout of the clock net is shown in Figure 4 and has 4 ports, 12 sinks and 121065 inductors, which corresponds to 7.3G inductance terms. Using optimized code that implements our method. the run time for PRIMA to generate the reduced order model is 21 minutes using a three-dimensional grid, and ?D precorrected-FFI is expected to be even faster. The responses from the simulation under the RC model, the precorrected-FFT and block diagonal methods are shown in Figure 5 , and the layout and experimental parameters are listed in Table 5 . The partition size in the block diagonal method and the direct interaction region in the precorrected-FFI procedure have approximately the same area On-chip inductance is seen strongly affect the response. The 50% delay from the precorrected-FFT method is 13Ops, compared with an 86ps delay predicted by the RC model.
Relative to the 50% delay point for the far end response under an RC-only model, the precorrected-FIT method shows a shift of 17ps. while the shift from the.block diagonal method is only 6ps.
In addition, lhe differences between the 10%-90% transition time respectively, calculated using the precorrected-FFT method, F and G: driver output and receiver input waveform, respectively, calculated by the block diagonal method.
Conclusion
A precorrected-FFI' algorithm for fast and accurate simulation of inductive systems is proposed in this paper. in which long-range components of the magnetic vector potential are approximated by grid currents, while nearby interactions are calculated directly. All inductance interactions are considered in computing the product of the inductance mabix with a given current vector, so that the induced voltages as well as the waveform at the nodes of interest ax-calculated accurately. The method is demonstrated on large circuits and is shown to be faster, less memory intensive and more accurate than the block diagonal algorilhm. Different approximations in the method, including using a two-dimensional grid structure, are tested and show that lowering the order of the approximation greatly improves the speed and memory consumption without a significant loss in accuracy. Table' l: A comparison of the accuracy, memory requirements and CPU time for different parameter settings for the precorrected-FFT in the simulation of three 5400pm long signal wires. Here, "ZD and "3-D correspond to the two-dimensional and three-dimensional cases, respectively. The total CPU time corresponds to the time required for the entire simulation, including the time required by the precorrected-FIT computations. l800pm 3600pm 4500pm 5400pm 
